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Abstract10

The simulation of incompressible Newtonian flows within the Material Point Method (MPM) of-11

ten faces significant challenges, particularly regarding volumetric locking and pressure instabilities.12

In this work, we present an implicit MPM formulation that extends a solid mechanics framework13

to the simulation of viscous incompressible fluids. By treating the fluid as a continuum governed14

by a rate-dependent constitutive law, we achieve a unified treatment that leverages the Lagrangian15

nature of MPM without the need for classical Navier-Stokes advection-correction schemes.16

To address the numerical limitations of this approach, we develop and systematically compare17

two formulations: a robust irreducible scheme and a stabilized mixed u-p formulation. The latter18

incorporates a Variational Multiscale (VMS) stabilization, with parameters specifically adapted19

to account for the interplay between density, viscosity, and bulk modulus. Although the mixed20

formulation is designed to ensure pressure stability in the incompressible limit, we also demonstrate21

the practical validity of the irreducible approach as a computationally efficient alternative under22

certain flow conditions.23

The framework is validated through a series of benchmarks of increasing complexity. Beyond24

academic 2D cases used to verify convergence, we simulate 2D and 3D dam-break problems involving25

complex impacts against obstacles. The results confirm that the method accurately captures free-26

surface evolution and wave propagation, proving that the robustness and accuracy observed in27

two-dimensional tests scale effectively to computationally demanding 3D engineering scenarios.28

Keywords: Material Point Method (MPM), Particle Methods, Mixed formulations, Large Deforma-29

tions, Stabilization methods, Variational Subgrid Scale (VMS)30

1 Introduction31

The numerical simulation of fluid flows with free surfaces is a cornerstone of modern engineering,32

essential for predicting the behavior of water waves, dam breaks, and coastal interactions [1, 2]. These33

scenarios are characterized by large topological changes, such as splashing and fragmentation, which34

require robust methods to track the evolving interface between the fluid and the surrounding medium35

[3, 4]. However, the complexity of these simulations is compounded when the fluid is governed by an36

incompressible Newtonian law, as is the case with water. In such cases, the numerical scheme must37

not only track the surface accurately but also strictly enforce the incompressibility constraint. This38

dual requirement often introduces significant numerical hurdles: if the pressure-velocity coupling is39

not handled correctly, standard formulations suffer from volumetric locking and non-physical pressure40

oscillations, leading to mass loss and instability in the solution [5].41
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Depending on the spatial scale and on the physical processes of interest, different levels of model42

complexity have been adopted for reproducing free surface problems. Depth-averaged and shallow-43

water models provide an efficient framework for large-scale flows (i.e. river basins, regional scale)44

[6, 7], particularly when the vertical flow dynamics can be reasonably neglected. In this context,45

recent geometrically intrinsic shallow-water models have been developed to be applicable to complex46

terrains with non-negligible slopes and curvatures [8, 9]. However, when the wave-generation stage, the47

landslide–water momentum transfer, impact dynamics, or strongly three-dimensional effects become48

relevant, fully resolved or hybrid 2D–3D strategies are often required [10, 11, 12, 13, 14]. However, in49

many engineering applications three-dimensional effects become relevant, depth-averaged descriptions50

may become insufficient, and more detailed numerical models are required. This motivates the use51

of numerical strategies capable of handling large deformations, moving boundaries, and complex free-52

surface evolution.53

To address the geometric challenges of evolving interfaces, numerical methods are broadly classified54

into Eulerian and Lagrangian frameworks. Eulerian methods [15], such as the Finite Volume Method55

(FVM) and Eulerian FEM [16, 17], solve flow quantities on a fixed spatial mesh. While highly efficient56

for structured domains, these approaches struggle with the large deformations and moving boundaries57

inherent in splashing or wave breaking. In this context, tracking the fluid interface requires specialized58

and often computationally expensive techniques, such as the Level Set [18, 19] or Volume of Fluid59

(VOF) methods [4]. Despite their widespread use, these interface-capturing schemes can introduce60

numerical diffusion or mass conservation issues, motivating the search for more naturally adaptive61

frameworks.62

Conversely, Lagrangian methods follow fluid elements as they move, naturally capturing free-63

surface evolution and large deformations. By eliminating the advection terms (a primary source of64

numerical dissipation in Eulerian schemes) the Lagrangian framework offers a more precise treatment65

of material transport. Furthermore, since integration points move with the material, constitutive laws66

can be evaluated directly at the particle level, which is particularly advantageous for fluids or solids67

with complex, history-dependent behavior. To overcome the mesh distortion issues that plague tradi-68

tional Lagrangian FEM, two main strategies have emerged. The first involves continuous remeshing,69

as seen in the Particle Finite Element Method (PFEM), which has proven highly effective for breaking70

waves and non-linear interactions [2]. The second strategy avoids the connectivity constraints of a71

mesh altogether through meshless methods, such as Smoothed Particle Hydrodynamics (SPH) [20] and72

the Moving Particle Semi-Implicit (MPS) method [21]. While these approaches excel in extreme frag-73

mentation scenarios, they often face challenges regarding numerical consistency, boundary condition74

enforcement, and the high computational cost of neighbour searching.75

Recognizing the complementary strengths of Eulerian and Lagrangian frameworks, hybrid ap-76

proaches have been developed to leverage the advantages of both. Common examples include the77

Arbitrary Lagrangian–Eulerian (ALE) method [22], which deforms the mesh to follow material mo-78

tion, and the Immersed Boundary Method (IBM) [23], which handles fluid-structure interaction on79

fixed grids. This same motivation underlies the Material Point Method (MPM), a powerful hybrid80

descendant of the Particle-In-Cell (PIC) family. By integrating a Lagrangian particle description with81

a temporary Eulerian background grid, MPM achieves robust simulations of complex flows, natu-82

rally bypassing the mesh distortion of ALE and the interface-tracking complexities of purely Eulerian83

schemes.84

In the MPM framework, material points (particles) move through a computational background85

mesh, carrying all state variables such as mass, momentum, and deformation history. The mesh86

is utilized to solve the governing equations and compute incremental degrees of freedom, which are87

then projected back to the particles, allowing the grid to be reset at each time step [24]. The use88

of a background grid that does not necessarily conform to the material boundary also requires suit-89

able strategies for imposing essential boundary conditions, particularly in implicit formulations [25].90

This hybrid strategy inherently handles extremely large deformations [26] while providing a seamless91

platform for complex constitutive modeling [27, 28].92
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The development of MPM for fluid dynamics has evolved significantly over the last two decades.93

Since the early 2000s, considerable advances have been achieved in the simulation of compressible94

gas dynamics [29, 30]. More recently, starting in the 2010s, research on incompressible flows has95

intensified, largely motivated by growing interest in applications involving free-surface phenomena [31,96

32] and multiphase systems [33]. To address these complex scenarios, the fluid in this work is modeled97

following a continuum mechanics approach rather than the classical Navier-Stokes formulations based98

on velocity-pressure coupling.99

While Navier-Stokes equations are the standard equations describing the dynamics of incompress-100

ible fluids, in this work we propose displacement based formulation, typical of solid mechanics prob-101

lems, where the Cauchy stress tensor is decomposed into volumetric and deviatoric parts offers dis-102

tinct advantages in the context of MPM. By treating the fluid as a viscous continuum, the method103

naturally accommodates complex material behaviors that go beyond the Newtonian limit, such as104

non-Newtonian flows or materials undergoing phase transitions from solid to fluid [34, 35]. Although105

the use of a kinematic framework entails a more complex numerical treatment because of the in-106

creased non-linearities in the problem it avoids the need for specialized advection-correction schemes107

and provides a unified numerical architecture where the same momentum balance equations can be108

applied to both the fluid and the structure. The unified treatment simplifies the representation of109

the evolving fluid-solid interface, since the interaction is governed by the constitutive response of the110

material rather than by external coupling constraints [36, 37].111

Despite its advantages, adopting a solid-like continuum framework for incompressible flows in-112

troduces well-known numerical challenges. Classical irreducible formulations (whether displacement-113

based or velocity-based) where pressure is recovered a posteriori, exhibit severe performance issues as114

the incompressible limit is approached. These include volumetric locking, spurious pressure oscilla-115

tions, and numerical instabilities that can compromise the accuracy of the velocity field [38, 5]. To116

overcome these limitations, mixed formulations that solve simultaneously for both displacement and117

pressure have been proposed. In this approach, pressure acts as a Lagrange multiplier to strictly en-118

force the incompressibility constraint, significantly improving robustness [39, 40, 41]. However, using119

equal-order interpolations for both variables often violates the inf-sup (LBB) condition, leading to120

unstable pressure fields. To address this, stabilization techniques such as the Variational Multiscale121

(VMS) method have been introduced, allowing for stable equal-order approximations while preserving122

the consistency of the solution [42, 43].123

Although these stabilization developments largely originated in non-linear solid mechanics, similar124

strategies have also been adapted to MPM for incompressible fluid simulations. For instance, velocity-125

pressure (vp) schemes have been explored to mitigate oscillations [31, 32], while mixed displacement-126

pressure (up) formulations have been proposed by deriving the governing equations directly from the127

Navier-Stokes framework (Chandra et al. 2024) [44]. In contrast, the approach proposed departs from128

these classical fluid dynamics derivations by strictly adhering to a continuum mechanics formulation129

typical of solid mechanics solvers. By treating the fluid as a viscous material, the mixed stabilized up130

approach combined with VMS provides a more unified and flexible framework. This not only ensures131

robustness in the incompressible limit but also facilitates the seamless integration of multi-physics and132

complex constitutive behaviors within the Lagrangian environment of MPM.133

The primary objective of this work is to provide a robust and versatile framework for simulating134

incompressible fluids within the Material Point Method. To this end, we develop and evaluate two135

distinct formulations, each offering different advantages depending on the computational requirements.136

First, we implement a robust irreducible formulation. While this approach is well-known in the137

literature, we demonstrate its practical validity for fluid simulations where the strict enforcement of138

the incompressibility constraint can be slightly relaxed. By adopting a penalty-like strategy, this for-139

mulation offers a computationally efficient alternative, significantly reducing the number of degrees of140

freedom and memory overhead when precise pressure distributions are not the primary focus. Sec-141

ond, we introduce a stabilized mixed up formulation as the core contribution of this work. To ensure142

stability and eliminate volumetric locking, a Variational Multiscale (VMS) approach is incorporated.143
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While VMS has been previously explored in MPM for solid mechanics [45], and a up VMS scheme144

was recently proposed based on Navier–Stokes derivations [44], our formulation offers a more flex-145

ible architecture. By deriving the stabilized system from a pure continuum mechanics standpoint,146

we enable a straightforward and automatic integration of incompressible materials within existing147

solid-mechanical solvers. This dual-track approach provides a comprehensive tool for simulating com-148

plex free-surface flows, allowing for a systematic comparison that highlights the trade-offs between149

computational efficiency and numerical precision150

The remainder of this paper is organized as follows. First, Section 2 and Section 3 establish151

the theoretical foundation, presenting the general mathematical preliminaries and the spatial and152

temporal discretization within the MPM framework. The core of our methodological contribution is153

detailed in Section 4, which describes the physical problem and the two proposed formulations: the154

robust irreducible scheme and the stabilized mixed up approach. This is followed by Section 5, where155

the practical numerical implementation is outlined. To validate the accuracy and stability of these156

methods, Section 6 presents a series of benchmark tests, ranging from the classic Rotating Square157

to complex 2D and 3D Dam Break scenarios involving experimental comparisons. Finally, Section 7158

summarizes the main findings and provides closing remarks on the applicability of each formulation.159

2 Preliminaries160

This section establishes the notation and the general variational framework used throughout this161

work. By defining a unified linearization strategy here, we provide a common structure for both the162

irreducible and mixed formulations presented in Section 4.163

2.1 Functional spaces and notation for the variational formulation164

Let φ(Ω) denote the deformed domain of the fluid, which serves as the base for the MPM discretization.165

For any subset ω ⊂ φ(Ω), L2(ω) denotes the space of square-integrable functions on ω. The L2 inner166

product for scalar, vector, and tensor-valued functions is denoted by (·, ·)ω, while ⟨·, ·⟩ω represents the167

integral over ω of the product of two generic functions. For the sake of conciseness, the subscript is168

omitted when ω = φ(Ω).169

2.2 Linearized formulation170

The governing equations are solved using an incremental Newton–Raphson procedure. Although this171

approach is standard in non-linear solid mechanics, it is applied here to model Newtonian fluid behavior172

within a Lagrangian MPM framework. This strategy is particularly suited for the present work as it173

naturally handles both material and geometric nonlinearities.174

Let U denote the set of primary unknowns, which, depending on the chosen formulation, will175

represent either the displacement field u (irreducible case) or the coupled displacement-pressure fields176

(u, p) (mixed case). Let V ∈ V be the corresponding test functions in the appropriate functional177

space. The general variational problem can be expressed in terms of a non-linear operator B(U ,V )178

representing the spatial terms (internal and external forces) and a dynamic operator Dt(U) repre-179

senting the inertial terms. To solve the resulting non-linear system, we perform a linearization via a180

first-order Taylor expansion around the last known equilibrium state Û . This yields a linear system181

for the correction δU ≈ U − Û . Specifically, the spatial operator is approximated as:182

B(U ,V ) ≈ B(Û ,V ) +Blin(Û ; δU ,V ), (1)

where Blin(Û ; δU ,V ) denotes the directional derivative (or tangent stiffness operator) of B evaluated183

at Û in the direction of the increment δU . Similarly, the dynamic operator is linearized as:184

Dt(U) ≈ Dt(Û) +Dt(δU), (2)
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where the specific form of the temporal discretization is detailed in Section 3 (specifically in Section185

3.3). This unified linearized structure will be used in Section 4 to derive the specific tangent matrices186

for both the irreducible (Section 4.2) and the stabilized mixed VMS formulations (Section 4.3).187

3 The Material Point Method188

This section describes the Material Point Method (MPM) in a general setting, focusing on the features189

required for an implicit fluid solver. The MPM is a hybrid Eulerian-Lagrangian method that represents190

the continuum through a set of Lagrangian material points, which move through a background Eulerian191

mesh. This dual description allows for the tracking of large deformations and history-dependent192

material states without the mesh distortion issues typical of purely displacement-based FEM.193

3.1 The MPM computational cycle194

The typical time-stepping procedure follows the Updated Lagrangian (UL) framework and consists of195

three main phases [45]:196

1. Initialization: Information Transfer. Material point data (mass, momentum, and stress) are197

mapped to the background mesh nodes using shape functions to establish the initial state for198

the current time step.199

2. UL-FEM calculation: Solution of the Governing Equations. The linearized variational problem,200

as established in Section 2, is solved on the mesh nodes. In this work, the material points act201

as moving integration points for the evaluation of the internal and external force vectors.202

3. Convective Update: The computed nodal incremental displacements and velocities are interpo-203

lated back to the material points. Their positions and state variables are updated, and the204

background mesh is typically reset to its original configuration to avoid distortion in the next205

step.206

3.2 Spatial MPM discretization207

The spatial discretization in MPM follows a Galerkin approach where the background mesh serves as208

the finite element partition, and material points act as moving integration points. Let Ph denote the209

FE partition of the domain, with element diameters hK and h = max{hK |K ∈ Ph}.210

In this framework, the mass density is represented by the sum of particle masses weighted by Dirac211

delta functions: ρ(x) =
∑np

p=1mpδ(x−xp). Consequently, volume integrals over the deformed domain212

φ(Ω) are evaluated as discrete sums over the material points:213

ˆ
φ(Ω)

f(x)dΩ ≈
np∑
p=1

f(xp)Vp, (3)

where Vp is the volume associated with each particle.214

The FE shape functions Ni evaluated at the material point positions xp allow for the seamless215

transfer of information between the Lagrangian and Eulerian descriptions. Specifically, nodal quanti-216

ties are projected to the particles for state updates, while particle data is interpolated back to the mesh217

nodes to assemble the internal and external force vectors required for the linearized system B(U ,V )218

introduced in Section 2.219

3.3 Implicit temporal discretization220

Most MPM applications for fluid dynamics rely on explicit or semi-implicit schemes due to their221

straightforward implementation [31, 32]. However, explicit methods are subject to the Courant-222

Friedrichs-Lewy (CFL) condition, which becomes prohibitively restrictive for incompressible fluids223
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where the pressure wave speed is high. For low strain-rate flows and strictly incompressible condi-224

tions, an implicit approach is more efficient as it allows for significantly larger time steps δt [46].225

We employ the Newmark-β method to discretize the dynamic operator Dt(δU) introduced in
Section 2. For a time interval [tn, tn+1], the updated acceleration an+1 and velocity vn+1 are expressed
in terms of the displacement un+1 as:

an+1 =
1

βδt2

(
un+1 − un − δtvn − δt2

2
(1− 2β)an

)
, (4)

vn+1 = vn + (1− γ)δtan + γδtan+1, (5)

where we adopt β = 1/4 and γ = 1/2 to ensure unconditional stability and second-order accuracy.226

4 MPM formulation for Newtonian fluids227

In this section, we describe the formulation of the physical problem. While the treatment of in-228

compressible Newtonian flows through a solid-like continuum mechanics framework is a documented229

approach, its application within the Material Point Method (MPM) often inherits well-known numer-230

ical artifacts, such as volumetric locking and pressure oscillations. The main contribution of this work231

lies in the development of a stabilized mixed up formulation specifically tailored for the MPM, designed232

to overcome these challenges while maintaining the advantages of a unified Lagrangian architecture.233

The section is organized as follows. First, we present the governing equations for a dynamic contin-234

uum and describe how the Newtonian fluid behavior is incorporated via a rate-dependent constitutive235

law. Then, we derive the two numerical strategies proposed in this work: the standard irreducible236

formulation and the stabilized mixed up formulation. These developments are framed within the lin-237

earized variational structure established in Section 2 and will be discretized using the MPM strategies238

described in Section 3.239

4.1 The continuum problem statement240

4.1.1 Governing equations241

The motion of the continuum body is described by a one-to-one mapping242

φ : Ω −→ Rd, x = φ(X, t), ∀X ∈ Ω, t ≥ 0,

where X and x represent the material and spatial coordinates, respectively. The boundaries of the243

reference and current configurations are denoted by ∂Ω and φ(∂Ω). The time interval of interest is244

[0, T ], and the space-time domain is defined as Ds = {x |x ∈ φ(Ω, t), 0 < t < T}.245

Following an updated Lagrangian framework, the governing equations for the dynamic problem
are:

ρ
∂2u

∂t2
−∇ · σ = ρb in φ (Ω, t) , t ∈]0, T [, (6)

p

κ
− dΨvol(J)

dJ
= 0 in φ (Ω, t) , t ∈]0, T [, (7)

u = ū on φ (∂ΩD, t) , t ∈]0, T [, (8)

σ · n = t on φ (∂ΩN, t) , t ∈]0, T [, (9)

where (6) represents the conservation of linear momentum. Here, ρ denotes the density in the current246

configuration, related to the initial density ρ0 via the relation ρ = ρ0/J , where J = detF is the247

determinant of the deformation gradient F = ∂x/∂X. The variable u is the displacement, σ is248

the Cauchy stress tensor, and b represents the body forces. Equation (7) establishes the volumetric249

constitutive relationship. In the context of this work, this equation provides the quasi-incompressible250

6



constraint required for Newtonian flows, a point that is further discussed and particularized for the251

mixed formulation in Section 4.3. The bulk modulus is defined as κ = E/[3(1− 2ν)], where E is the252

Young’s modulus and ν the Poisson ratio. Following [47], we adopt a quadratic volumetric energy253

functional:254

Ψvol(J) =
1

2
(J − 1)2, which implies

dΨvol(J)

dJ
= J − 1.

The problem is completed with Dirichlet (8) and Neumann (9) boundary conditions, where ū,255

n, and t denote the prescribed displacement, the outward unit normal, and the traction vector,256

respectively. Initial conditions for displacement and velocity are also specified as u = u0 and v = v0
257

in Ω at t = 0.258

4.1.2 Incompressibility259

In this work, the fluid is assumed to be quasi-incompressible. At the continuum level, incompressibility
is characterized by a constraint on the volumetric deformation, where the volume remains constant
throughout the motion. Within the solid mechanics framework adopted here, this condition is formally
recovered in the limit as Poisson’s ratio approaches ν → 0.5, which implies that the bulk modulus
κ → ∞. In this limit, the incompressibility condition reduces to the kinematic constraint:

J = 1.

For numerical purposes, we employ a large but finite κ to enforce this constraint. The specific manner260

in which the coupling between pressure and volumetric deformation is handled (either through a261

penalty-like approach in the irreducible case or as an independent variable in the mixed formulation)262

will be detailed in the following sections.263

4.1.3 Newtonian Fluid Material264

Newtonian fluids can be modeled within a solid-mechanics-like framework by prescribing an appro-
priate viscous constitutive law [48]. In this context, the material behavior is described through the
Cauchy stress tensor, which depends on the velocity field while remaining compatible with large de-
formations and a Lagrangian description. For an incompressible Newtonian fluid, the Cauchy stress
tensor σ is decomposed into its deviatoric and volumetric parts:

σ = 2µ∇sv − p I,

where p denotes the pressure acting as a Lagrange multiplier to enforce the incompressibility constraint,265

µ is the dynamic viscosity, and ∇sv = 1
2(∇v +∇vT) is the symmetric part of the velocity gradient.266

Although the constitutive law is expressed in terms of the Cauchy stress tensor, a Lagrangian for-
mulation requires expressing the stress response in terms of material measures. This is particularly
convenient in the context of large deformations and updated Lagrangian formulations. The symmetric
part of the spatial velocity gradient can be written in terms of the deformation gradient F as

∇sv = sym(ḞF−1) = F−T Ċ

2
F−1,

where C = FTF is the right Cauchy–Green deformation tensor and Ċ denotes its material time267

derivative. The inverse of C is C−1 = F−1F−T . Using these relations, the constitutive equation can268

be expressed in terms of the Second Piola–Kirchhoff stress tensor S, related to the Cauchy stress by269

σ = 1
JFSF

T .270

By using the pull-back transformation S = JF−1σF−T, the Second Piola–Kirchhoff stress tensor271

S can be derived as:272

S = J
(
µC−1ĊC−1 − µ

3
tr(ĊC−1)C−1 − pC−1

)
. (10)
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To close the constitutive model, a pressure–volume relation is introduced in the form of an equation273

of state. This is consistent with the mass balance equation introduced in Section 4.1.1:274

p = p(J) = κ (J − 1) , (11)

where κ denotes the bulk modulus, acting as a penalty parameter to enforce incompressibility.275

Regarding the material parameters, the model is characterized by the current density ρ, the bulk
modulus κ and the dynamic viscosity µ. Within the solid-mechanics-based framework adopted in
this work, the bulk modulus and the viscosity replaces the direct role of the Poisson ratio ν and the
Young’s modulus E in controlling the material response. This allows the Newtonian fluid to be treated
as a rate-dependent material while preserving the robust algorithmic structure of a hyperelastic-like
solver, with µ related to the shear modulus of an equivalent solid material as

µ =
E

2(1 + ν)
.

4.2 Irreducible u formulation276

4.2.1 Strong formulation277

The boundary value problem associated with the irreducible solid dynamics formulation, expressed
within an updated Lagrangian framework, consists of finding the displacement field u : Ds → Rd such
that:

ρ
∂2u

∂t2
−∇ · σ = ρb in φ(Ω, t), t ∈]0, T [, (12)

where the Cauchy stress tensor σ follows the viscous constitutive model introduced in Section 4.1.3.278

In this formulation, the pressure is not an independent unknown but is determined through the279

constitutive relation p = κ(J − 1), acting as a penalty term to enforce quasi-incompressibility.280

The problem is completed by the boundary and initial conditions previously introduced, together281

with the pressure–volume relation (11).282

4.2.2 Variational formulation283

Regarding the functional setting, we denote by V the appropriate space where the displacement field284

is well defined for each time t ∈ (0, T ). Moreover, V0 ⊂ V denotes the subspace of functions vanishing285

on the Dirichlet boundary φ(∂ΩD). Further details on the notation and functional spaces can be found286

in Section 2. The weak formulation of the problem consists of finding u :]0, T [→ V , satisfying the287

prescribed initial conditions, such that for all test functions w ∈ V0,288

(Dt(u),w) +Bu(u,w) = F(w), (13)

where

(Dt(u),w) :=

(
ρ
∂2u

∂t2
,w

)
, Bu(u,w) := (σ,∇sw) , F(w) := ⟨ρb,w⟩+ ⟨t,w⟩φ(∂ΩN) . (14)

Here, Bu(u,w) is a semilinear form defined on V × V0, while F is a linear functional on V0.289

Here, the semilinear form Bu(u,w) defined on V ×V0, while F is a linear functional on V0. This290

operator encapsulates the internal viscous forces. In the context of nearly incompressible Newtonian291

flows (κ → ∞), it is well known that this irreducible formulation may lead to volumetric locking, a292

numerical artifact that justifies the introduction of the mixed formulation described in the following293

section.294
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4.2.3 Linearization and Galerkin spatial discretization295

Following the linearization strategy detailed in Section 2.2, we apply a Newton–Raphson procedure296

to the variational form (13). Given the solution at the previous iteration û, we seek the correction297

δu ∈ V0 such that:298

(Dt (δu) ,w) +Bu,lin(û; δu,w) = F (w)− (Dt(û),w)−Bu(û,w), (15)

for all w ∈ V0, where

Bu,lin(û; δu,w) = (∇δu · σ̂,∇w) + (c : ∇sδu,∇sw) .

where c is the spatial tangent constitutive tensor obtained via the push-forward of the material tensor299

C = 2 ∂S
∂C as cijkl = J−1FiAFjBFkCFlDCABCD.300

We then introduce the Galerkin spatial discretization described in Section 3.2. Let Vh ⊂ V denote301

a conforming finite element space for the displacement field, and let Vh,0 ⊂ V0 be the corresponding302

subspace of functions vanishing on the Dirichlet boundary. The discretized problem associated with303

(13) then reads as follows: for a given time tn+1 and a fixed iteration, find δuh ∈ Vh,0 such that304

(Dt (δuh) ,wh) +Bu,lin(ûh; δuh,wh) = F (wh)− (Dt(ûh),wh)−Bu(ûh,wh), (16)

for all wh ∈ Vh,0. Note that the right-hand-side of this expression is the residual functional of the305

precious iteration.306

4.3 Mixed up formulation307

4.3.1 Strong formulation308

The boundary value problem for mixed solid dynamics, written within an updated Lagrangian frame-
work, consists in finding a displacement field u : Ds → Rd and a pressure field p : Ds → R such
that

ρ
∂2u

∂t2
−∇ · σ = ρb in φ (Ω, t) , t ∈]0, T [, (17)

p

κ
− dΨvol(J)

dJ
= 0 in φ (Ω, t) , t ∈]0, T [, (18)

for t ∈ (0, T ). In this context, Eq. (18) represents the constitutive pressure–volume relationship that309

enforces the quasi-incompressibility constraint through the bulk modulus κ. Unlike the irreducible310

case, the pressure p is now treated as a primary unknown of the system.311

The Cauchy stress tensor is decomposed into its deviatoric and volumetric parts as σ = σdev +312

p I, where σdev represents the viscous deviatoric contribution defined in Section 4.1.3, and p is the313

hydrostatic pressure.314

4.3.2 Variational formulation315

We denote by V and Q the appropriate functional spaces for the displacement and pressure fields,316

respectively, for each time t ∈ (0, T ). Let V0 ⊂ V be the subspace of displacement functions vanishing317

on the Dirichlet boundary φ(∂ΩD). The product spaces for the trial and test functions are defined as318

W := V ×Q, W0 := V0 ×Q.319

The variational formulation is obtained by testing the balance of linear momentum and the con-320

stitutive pressure–volume relation with arbitrary test functions w ∈ V0 and q ∈ Q, respectively. The321

weak form of the mixed problem consists in finding U = [u, p] : (0, T ) −→ W , such that the initial322

conditions are satisfied and, for all V = [w, q] ∈ W0,323

(Dt(U),V ) +Bup(U ,V ) = F(V ). (19)
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The semilinear form Bup : W ×W0 → R is given by

Bup(U ,V ) :=
(
σdev,∇sw

)
+ (p I,∇sw)−

(p
κ
, q
)
+

(
dΨvol(J)

dJ
, q

)
, (20)

while F : W0 → R defined as F(V ) := ⟨ρb,w⟩ + ⟨t,w⟩φ(∂ΩN) is the linear functional representing324

external contributions.325

4.3.3 Linearization and Galerkin spatial discretization326

The solution of the mixed variational problem (19) requires a consistent linearization to handle the327

nonlinearities arising from both the large-deformation kinematics and the constitutive response. Fol-328

lowing the strategy introduced in Section 2.2, we apply the Newton–Raphson method by linearizing329

the system around the last known state Û . The fully linearized problem can then be expressed as330

follows: given Û , find the correction δU = [δu, δp] :]0, T [−→ W0 such that331

(Dt (δU) ,V ) +Bup,lin(Û ; δU ,V ) = F (V )− (Dt(Û),V )−Bup(Û ,V ) (21)

for all V ∈ W0, where

Bup,lin(Û ; δU ,V ) =
(
∇δu · (σ̂dev + p̂I),∇w

)
+
(
(cdev + p̂(I⊗ I− 2I)) : ∇sδu,∇sw

)
+ (δp,∇ ·w)−

(
δp

κ
, q

)
+ (f(J)∇ · δu, q) ,

where I is the identity matrix, (I ⊗ I)abcd = δabδcd and Iabcd = δacδbd are fourth-order tensors, δab is332

the Kronecker delta, and f(J) is a function obtained form the linearization of
dΨvol(J)

dJ
. For clarity,333

σ̂dev = σdev(û) denotes the stress evaluated at the previous equilibrium, and c
dev is the known334

deviatoric part of the spatial tangent modulus.335

Finally, following Section 3.2, we construct conforming finite element spaces Vh ⊂ V , Qh ⊂ Q for336

the displacement and pressure, respectively, and define Wh = Vh × Qh. The space whose functions337

vanish on the Dirichlet boundary is Vh,0 ⊂ V0, and therefore Wh,0 = Vh,0 × Qh. The discretized338

problem reads: for a given tn+1 and a fixed iteration, find δUh ∈ Wh,0 such that339

(Dt (δUh) ,V h) +Bup,lin(Ûh; δUh,V h) = F (V h)− (Dt(Ûh),V h)−Bup(Ûh,V h) (22)

for all V h = [wh, qh] ∈ Wh,0.340

4.3.4 Stabilized formulation341

We adopt the Variational Multiscale (VMS) framework to ensure the stability of the mixed formulation,342

particularly when using equal-order interpolation for displacement and pressure. The continuous343

solution U is decomposed into a resolved component Uh, belonging to the finite element space, and344

a subgrid-scale component Ũ that cannot be captured by the mesh; namely, U = Uh + Ũ . In345

this work, the subgrid scales are assumed to be quasi-static, meaning their dynamic evolution is346

not explicitly tracked, which keeps the total number of degrees of freedom identical to the standard347

Galerkin approach.348

Applying the VMS methodology to our linearized problem, we seek δUh ∈ Wh,0 and subscales Ũ ∈ W̃
such that

(Dt(δUh),V h) +Bup,lin(Ûh; δUh,V h) +
∑
K

⟨Ũ ,L∗(Ûh;V h)⟩K

= F(V h)− (Dt(Ûh),V h)−Bup(Ûh,V h), (23)
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where Ũ is approximated in each element as349

Ũ ≈ τK P̃ [Rh], (24)

with Rh the FE residual, defined as Rh = F−Dt(Ûh)−L(Ûh)−Dt (δUh)−Llin(Ûh; δUh) and P̃ a
projection onto the subscale space. The operators are defined as follows:

L∗(Û ;V ) :=(
−∇ · (∇w · (σ̂dev + p̂I))−∇ · (∇sw : (cdev + p̂ (I⊗ I− 2I))) +∇q

− q

κ
+ f(J)∇ ·w

)
,

L(U) :=

 −∇ ·
(
σdev + pI

)
p

κ
− dΨvol(J)

dJ

 ; Dt (U) :=

 ρ
∂2u

∂t2
0

 ; F :=

(
ρb
0

)
Llin(Û ; δU) := −∇ · (∇δu · (σ̂dev + p̂I))−∇ ·

(
(cdev + p̂(I⊗ I− 2I)) : ∇sδu

)
−∇δp

−δp

κ
+∇ · δu


For the Newtonian fluid case, the stabilization parameters are adapted from the characteristic viscous
and inertial scales commonly employed in stabilized flow formulations [43]. In the present formulation,
however, displacement rather than velocity is adopted as the primary kinematic variable. Since, within
the implicit time discretization, velocity and displacement increments are related through δv ∼ δu/δt,
the viscous and inertial contributions to the incremental momentum operator scale as µ/(h2Kδt) and
ρ|v|/(hKδt), respectively. This motivates the following element-wise stabilization parameters:

τ1 =

(
c1

2µ

h2Kδt
+ c2ρ

|v|
hKδt

)−1

, τ2 =
h2K
τ1

, (25)

where µ is the dynamic viscosity, hK is the characteristic element length, defined in 2D as the square350

root of the element area and in 3D as the cubic root of the element volume, δt is the time-step size,351

and c1 and c2 are dimensionless algorithmic constants. The dependence on δt therefore follows from352

the temporal conversion between velocity and displacement subscales and should not be interpreted353

as an additional physical time scale. Depending on the choice of P̃ , the method can be Algebraic354

Sub-Grid Scales (ASGS, P̃ = I) or Orthogonal Sub-Grid Scales (OSGS, P̃ = I − Ph), see [49] for355

details. In the numerical examples presented in this work, the ASGS variant is adopted due to its356

lower computational cost.357

This brief summary highlights only the aspects relevant for the Newtonian fluid case; the complete358

derivation and implementation details are provided in [49, 50]. This VMS approach effectively bypasses359

the Babuška–Brezzi condition and mitigates volumetric locking, providing a robust foundation for the360

MPM discretization.361

5 Computational Implementation362

This section outlines the integrated numerical procedure used to solve the governing equations for363

both the irreducible and mixed formulations. Since the core MPM architecture and the stabilized364

mixed framework have been extensively documented in previous works [51, 45], we focus here on the365

specific coupling of these techniques for Newtonian flows.366

The solution strategy follows a standard MPM computational cycle (see Section 3.1), which is367

enhanced by a monolithic Newton–Raphson scheme to handle the nonlinearities arising from the large-368

deformation kinematics and the rate-dependent constitutive law. For each time step, the following369

key components are integrated:370
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• Time Integration: The second-order Newmark scheme is employed to update the nodal kine-371

matics. The nodal displacements and velocities at the current configuration are determined372

through a predictor-corrector sequence, ensuring temporal consistency.373

• Non-linear Solver: Within each time step, the linearized systems derived in Section 4.2.3374

(irreducible formulation) or Section 4.3.4 (mixed formulation) are solved iteratively. This ensures375

that the momentum balance and, in the mixed case, the stabilized incompressibility constraint376

are satisfied to a prescribed tolerance.377

• Stabilization and Projections: In the mixed up case, the ASGS stabilization terms are378

evaluated at the material points and mapped to the background grid. For the OSGS variant,379

the projection of the residual is updated at the beginning of each time step as an additional380

preprocessing step [49].381

The convergence of the iterative process is monitored using the L2-norm of the residual vector.382

Once equilibrium is reached, the material point properties (coordinates, velocities, and stresses) are383

updated, and the grid is reset for the subsequent time step.384

The proposed formulations and solution procedures have been implemented within Kratos Mul-385

tiphysics [52, 53, 54, 55], an open-source framework designed for the development of multiphysics386

simulation applications. In particular, the implementation builds upon the existing Material Point387

Method application available in Kratos, which provides the core computational infrastructure for par-388

ticle–grid transfer operations, background-grid assembly, nonlinear solution strategies, and the update389

of material-point variables. This modular architecture facilitates the integration of the irreducible and390

mixed formulations within a common numerical environment and enables their extension to more391

complex coupled and multiphysics problems.392

6 Numerical examples393

In this section, a series of numerical benchmarks is presented to assess the performance of the proposed394

stabilized mixed up formulation compared to the standard irreducible approach. The examples have395

been selected to challenge the robustness of the method in scenarios involving large deformations,396

complex free-surface evolution, and the nearly incompressible limit.397

Through these benchmarks, we aim to demonstrate that the stabilized mixed formulation effectively398

mitigates the volumetric locking and pressure oscillations typical of the irreducible scheme when high399

bulk moduli are employed. All simulations are performed using the ASGS stabilization variant within400

the MPM framework, as described in the previous sections.401

6.1 Rotating square patch402

This two-dimensional benchmark is a classical test case for assessing the stability and pressure accuracy403

of particle-based methods. It has been extensively used to evaluate corrective schemes in SPH [56, 57]404

and, more recently, to test novel MPM developments [44]. Originally proposed by Colagrossi [58], the405

problem follows the evolution of an initially square fluid patch subject to a centrifugal force field.406

Despite its simple geometry, it lacks an analytical solution and presents a significant numerical407

challenge: the coexistence of large boundary deformations, a free surface, and a central region under408

negative pressure (suction). These features make it particularly suitable for evaluating the stability409

of the mixed formulation and its ability to handle the nearly incompressible limit without numerical410

artifacts.411

6.1.1 Setup412

Let us introduce the setup of the problem. The geometry consists of a square patch of fluid with side
length L = 1 m, as shown in Figure 1, which is initially set into rotation with a prescribed angular
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Figure 1: Rotating square patch. Left: geometry. Right: detail of the initial square illustrating the
criss-cross triangular background grid.

velocity. The initial condition imposed on the material points is a velocity field corresponding to a
body rotation with angular velocity ω = 1 rad/s:

v0x(xp, yp) = ωyp, (26)

v0y(xp, yp) = −ωxp, (27)

where xp and yp denote the initial particle coordinates.413

Regarding the fluid properties, the density is ρ = 1 kg/m3 and the dynamic viscosity is set to414

zero (µ = 0 Pa · s) to test the formulation in the inviscid limit. The nearly incompressible behavior415

is enforced via a penalty approach using a bulk modulus κ. In this benchmark, we distinguish two416

scenarios to evaluate the performance of each formulation:417

• For the irreducible formulation, a moderately large bulk modulus of κ = 105 Pa is adopted. This418

value is chosen to ensure numerical stability, as higher values typically lead to severe volumetric419

locking in the standard displacement-based scheme.420

• For the mixed up formulation, a much higher value of κ = 1012 Pa is employed. This allows421

for a much stricter enforcement of the incompressibility constraint, demonstrating the ability of422

the stabilized mixed solver to handle the nearly-incompressible limit without locking or pressure423

oscillations.424

Finally, the spatial and temporal discretizations adopted in this example are detailed. The table425

1 summarizes the spatial discretizations used in this example. Triangular meshes are employed for426

time evolution analyses, while quadrilateral meshes are used for pressure jump comparisons at the427

boundaries. Time step sizes δt = 0.0025 s or 0.001 s are chosen depending on stability and accuracy428

requirements, ensuring temporal stability, as detailed in the next section.429

Mesh type h ppe

Criss-cross triangles 0.05 m 3, 6, 12, 16
Quadrilaterals 0.05 m 9, 16, 36

Table 1: Rotating square patch: Spatial discretizations employed.

6.1.2 Results430

Firstly, Figure 2 shows the evolution of the fluid patch at four different time instants, together with the431

corresponding pressure field distribution. Due to the prescribed initial velocity field, the initially square432

13



Figure 2: Rotating square patch. Evolution of pressure field at different snapshots, ωt = 0.5, 1, 2 and
4 s. A sequential viridis colormap is used to show temporal evolution in the center.

fluid domain undergoes a progressive deformation while rotating, leading to increasingly distorted433

configurations over time. This test represents a demanding benchmark for the numerical formulation,434

as the material experiences large deformations without changes in volume. Therefore, an accurate and435

stable method is required to properly capture both the kinematics and the pressure field throughout436

the simulation.437

It is also worth noting the evolution of the pressure field during the deformation process. At the initial438

stages, a negative pressure is observed in the central region of the domain, gradually approaching zero439

towards the free boundaries. This distribution is consistent with the rotational motion imposed by440

the initial velocity field, where a pressure gradient is required to balance the centripetal acceleration441

of the material points. As the simulation progresses and the fluid patch undergoes large deformations,442

the pressure field progressively redistributes and tends to homogenize, with the central pressure ap-443

proaching zero. This behavior reflects the evolving dynamic equilibrium associated with the changing444

geometry and velocity field.445

In Figure 3 a comparison between different formulations is performed at time ωt = 0.3 s. A diverg-446

ing coolwarm colormap is employed to clearly highlight the differences among the formulations. The447

comparison is conducted at an early stage of the simulation since the unstabilized mixed formulation448

exhibits a numerical breakdown shortly afterwards and cannot be advanced further in time. Although449

the pressure field predicted by the unstabilized formulation appears initially regular, spurious oscil-450

lations rapidly develop and progressively deteriorate the solution. For the sake of a consistent visual451

comparison, the same pressure scale is used in all three cases. In the irreducible formulation, where452

pressure is not an independent variable, it is post-processed from the Cauchy stress tensor by com-453

puting its volumetric contribution as p = 1
2 tr(σ), which is the quantity represented in the figure. It454

can be observed that the stabilized mixed formulation yields a significantly smoother and more robust455

pressure field, free of the oscillations present in the other approaches.456

In Figure 4, a comparison between the results obtained in the present study and those reported457

in the literature at time ωt = 1 s is presented. In this case, a classical rainbow colormap is adopted458

in order to match previously published figures and facilitate visual comparison. The works of Oger et459

al. (2016) [56] and Morikawa et al. (2024) [57], which employ the SPH method, exhibit a noticeable460

pressure jump at the boundaries. In contrast, MPM-based approaches, such as those reported by461

Chandra et al. (2024) [44] and the formulation presented in this study, show a significantly smoother462

pressure distribution in this regard.463

Finally, following [56, 57, 44], we analyse the time evolution of the pressure at the centre of464

the domain, located at (0, 0). The pressure is evaluated at this point using the background grid465
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(a) Irreducible formulation (b) Mixed (unstabilized) (c) Mixed (stabilized)

Figure 3: Rotating square patch: Comparison between formulations at ωt = 0.3 using quadrilateral
elements (h = 0.05 m, ppe=36).

solution. First, we compare the pressure obtained with the mixed up formulation and the irreducible466

formulation. It is worth noting that the mixed up formulation without stabilization could not be467

computed beyond t = 0.3 s under the current numerical setting. As in the previous example, for468

the irreducible formulation the pressure is recovered as p = 1
2 tr(σ). However, this formulation fails to469

reproduce the initial pressure distribution (as it is shown in Figure 3) and yields only small oscillations470

around zero at the centre of the domain.471

Figure 5 presents several comparisons performed at this location using triangular criss-cross ele-472

ments. In all cases, a smoothing procedure was applied in order to alleviate spurious oscillations.473

Figure 5 (left) shows the effect of discretization refinement for a fixed background grid size h = 0.05m474

and different numbers of particles per element (ppe). As expected, lower ppe values lead to stronger475

oscillations and less accurate results. Increasing the number of particles per element yields a converged476

and smoother pressure evolution. Finally Figure 5 (right) compares the present results with those477

reported in the literature. A good agreement is observed between our method, the SPH results of478

[56, 57], and the MPM results of Chandra et al. [44], not only in the convergence of the pressure to479

zero, but also in the overall evolution of the curve.480

6.2 Dam Break 2D481

This benchmark is employed to validate the proposed formulation against the experimental measure-482

ments provided by Lobovský et al. [59]. Beyond validation, this test case serves to evaluate the stability483

and accuracy of both the irreducible and mixed formulations in a scenario involving high-energy im-484

pact and complex topological changes in the free surface. The analysis focuses on three key aspects:485

the evolution of the water column height, the front position over time, and the pressure history at486

specific sensor locations on the impact wall.487

6.2.1 Setup488

The problem geometry and the initial configuration are depicted in Figure 6. The domain consists489

of a rigid container of length 3.22 m, containing an initial water column of length L = 1.2 m and490

height H = 0.6 m. At t = 0 s, the fluid is released and begins to flow under the action of gravity491

(g = 9.81 m/s2).492
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Figure 4: Rotating square patch: pressure distribution comparison at ωt=1.
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Figure 5: Rotating square patch: pressure evolution at the patch center using triangular criss-cross
elements. Left: Comparison between different ppe = 3, 6, 12 and 16. Right: Comparison with
literature.
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Figure 6: Dam Break 2D. Left: Geometry including the location of Sensor 4 at a height of y=0.163 m
above the bottom. Right: Discretization employed: criss-cross triangle elements of size h = 0.05 m.

The fluid is modeled as water with density ρ = 1000 kg/m3 and dynamic viscosity µ = 0.00101 Pa·s.493

Consistent with the previous benchmark, the incompressibility constraint is handled differently for each494

formulation, such as it was indicated in the previous numerical example.495

The spatial discretization consists of a background grid of criss-cross triangular elements with a496

characteristic size of h = 0.05 m, with an initial distribution of 33 particles per element (ppe). A497

constant time step of δt = 0.001 s is adopted. To monitor the pressure evolution during the fluid498

impact, two sensors are placed on the right-hand wall: Sensor 1 is located at the bottom corner499

(y = 0.003 m), and Sensor 4 is positioned at a height of y = 0.163 m.500

6.2.2 Results501

We now present the main results of the benchmark case. The objective is to highlight the advantages502

of the stabilized mixed up formulation in the simulation of the dam-break problem, in comparison503

with the irreducible approach. The discussion focuses on the qualitative and quantitative differences504

observed in the pressure field, which constitutes the primary distinction between the two formulations.505

Figure 7 illustrates the evolution of the dam-break process at several time instants, displaying the506

displacement and pressure fields up to t = 2.5 s. The snapshots capture the initial collapse of the water507

column, the subsequent propagation towards the downstream wall, and the impact characterized by a508

significant pressure peak at the lower-right corner. Following the impact, a reflected wave is generated,509

interacting with the remaining fluid mass and leading to complex free-surface dynamics. The global510

fluid motion is accurately captured throughout the simulation, remaining stable even as the flow511

becomes highly transient and non-linear, in close agreement with experimental measurements and512

previously reported numerical studies [44].513

Regarding the pressure distribution, the stabilized mixed formulation yields a spatially smooth514

and physically consistent field. As expected, the highest pressure values are concentrated near the515

bottom boundary due to hydrostatic effects and at the impact zone during the fluid-wall interaction. In516

contrast, the irreducible formulation exhibits significant spurious pressure oscillations, particularly in517

regions characterized by steep gradients and high impact velocities. Despite these numerical artifacts518

in the pressure field, the irreducible approach captures the overall flow kinematics with reasonable519

accuracy, as illustrated in Figure 8. Consequently, the irreducible formulation may remain a viable520

option when the primary objective is to track the global motion of the fluid, provided that the bulk521

modulus κ is sufficiently reduced to ensure numerical stability. However, for applications requiring522

precise load evaluation or coupling with structural solvers, the stabilized mixed formulation proves to523

be essential to recover a reliable pressure state.524

A quantitative assessment of the free-surface evolution is presented in Figure 9, where the time525

history of both the column height and the front position are compared against experimental data. Both526

MPM formulations accurately reproduce the front propagation and the collapsing column elevation.527

The agreement with the experimental measurements is highly satisfactory, especially considering that528

the spatial discretization is relatively coarse. This demonstrates the inherent capability of the MPM to529
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(a) Pressure distribution
(b) Displacement distribution

Figure 7: Dam Break 2D: Snapshots of pressure (left column) and displacement magnitude (right
column) at t = 0.5, 1.4, 1.7, 2.5 s.
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(a) Mixed Formulation
(b) Irreducible Formulation

Figure 8: Dam Break 2D: Snapshots of pressure distribution using irreducible formulation (right
column) and stabilized mixed formulation (left column) at t = 0.5, 1.4 s.
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Figure 9: Dam Break 2D: Comparison with elevation of column of water and displacement of the
front.

track complex moving boundaries and large topological changes without the need for interface-tracking530

algorithms or extremely fine meshes.531

Finally, the quantitative pressure analysis presented in Figure 10 highlights the superior perfor-532

mance of the stabilized mixed formulation. The evaluation of impact pressures at discrete locations533

along the downstream wall is a demanding task that requires a stable, non-oscillatory, and physically534

consistent pressure field. In this regard, the time history of the pressure at Sensor 1 and Sensor 4 is535

compared against the experimental data from [59].536

The mixed formulation provides a remarkably consistent pressure signal, accurately capturing537

the impact peak and the subsequent relaxation phases in close agreement with the experimental538

measurements. Conversely, the irreducible approach fails to provide a reliable signal for this purpose,539

as the inherent pressure oscillations and the sensitivity to the penalty parameter mask the physical540

response. These results confirm that the proposed stabilized mixed MPM is a robust tool for fluid-541

structure interaction (FSI) applications and industrial scenarios where precise pressure monitoring is542

essential.543

In summary, the results presented in this benchmark demonstrate that while both formulations544

capture the global kinematic features of the dam-break problem with similar accuracy, the stabilized545

mixed up approach is indispensable when a reliable and non-oscillatory representation of the pressure546

field is required. This distinction is critical in impact-dominated scenarios, where the ability to provide547

stable pressure predictions is a prerequisite for any quantitative validation against experimental data548
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Figure 10: Dam Break 2D: Comparison with pressure sensors stabilized mixed MPM with experimental
results.

and for future applications in fluid-structure interaction.549

6.3 Dam Break with an obstacle 3D550

This benchmark considers the interaction of a three-dimensional dam-break wave with a prismatic551

obstacle, providing a rigorous test for the formulation’s ability to handle complex 3D free-surface552

dynamics and fluid-structure interaction. We reproduce the experimental setup described by Aureli553

et al. [60], which serves as a comprehensive reference due to the availability of detailed laboratory554

measurements and comparisons with multiple numerical techniques, such as SPH and Finite Volume555

methods. This case is particularly demanding as it involves the sudden expansion of the fluid through556

a narrow gate, followed by a high-velocity impact on a rigid body.557

6.3.1 Setup558

The geometrical configuration of the facility and the obstacle is illustrated in Figure 11. The exper-559

imental tank is 2.60 m long and 1.20 m wide, divided into two main compartments by a transverse560

separating wall. A central gate of 0.30 m in width allows the fluid to flow from the upstream reservoir561

into the downstream floodplain upon release.562

The initial water depth in the reservoir is H = 0.10 m. A prismatic obstacle, representing an563

isolated building, is placed 0.51 m downstream from the gate. The obstacle has a rectangular cross-564

section with dimensions 0.30 m × 0.155 m and a height of 0.20 m, ensuring it remains partially565

unsubmerged during the initial stages of the impact.566

Regarding the fluid properties, the water is modeled with a density ρ = 1000 kg/m3 and a dynamic567

viscosity µ = 0.00101 Pa·s. To strictly enforce the incompressibility constraint in this 3D mixed568

formulation, a bulk modulus of κ = 2× 1012 Pa is adopted. Slip boundary conditions are prescribed569

on all solid boundaries (walls and obstacle).570

The spatial discretization is based on an unstructured tetrahedral background grid with a characteristic571

element size of h = 0.03 m. The initial distribution of material points is set to 16 particles per element572

(PPE) within the fluid domain. Temporal discretization is performed with a constant time step of573

δt = 0.001 s, which satisfies the stability requirements for the high-velocity flow expected during the574

gate opening.575
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Figure 11: 3D dam-break with obstacle: geometry (source: [60]).

6.3.2 Results576

The primary objective of this benchmark is to validate the predictive capability of the proposed 3D577

stabilized mixed formulation against the experimental data and numerical results reported by Aureli578

et al. [60]. The performance of the method is evaluated through two complementary analyses. First,579

a qualitative study is conducted to examine the overall flow dynamics, focusing on the free-surface580

evolution, the velocity field, and the complex wave interaction with the obstacle. Second, a quantitative581

assessment is performed by comparing the time history of the water elevation and the hydrodynamic582

forces exerted on the obstacle faces with laboratory measurements. This dual approach allows for a583

comprehensive evaluation of both the kinematic accuracy and the pressure-based loading predicted by584

the mixed MPM formulation.585

Figure 12 illustrates the transient evolution of the three-dimensional dam-break flow at four key586

time instants. At t = 0.32 s and t = 0.38 s, the fluid is seen emerging from the narrow gate, forming587

a characteristic water ”tongue” that accelerates toward the obstacle. During this stage, the rapid588

expansion of the fluid from the reservoir into the floodplain is captured, showing the high-velocity589

jet-like behavior caused by the central opening.590

The snapshots at t = 0.52 s and t = 0.60 s depict the interaction with the prismatic block. As591

the water front reaches the obstacle, a significant vertical run-up is observed on the front face, while592

the flow simultaneously begins to bifurcate and wrap around the vertical walls. The stabilized mixed593

formulation accurately captures these highly non-linear topological changes and the subsequent wave594

diffraction patterns without numerical instabilities. The colormap is indexed to the water depth:595

the deep blue represents the initial reservoir elevation of 0.1 m, while the lighter tones highlight the596

thinning of the fluid layer as it spreads and bypasses the obstacle. This qualitative evolution shows597

an excellent agreement with the experimental flow patterns reported in [60].598

Figure 13 presents a comparative analysis of the wave evolution along the longitudinal plane of sym-599

metry between the proposed stabilized mixed MPM (right) and the Finite Volume results obtained with600

FLUENT [60] (left). The sequence covers the early stages of the impact at t = 0.32, 0.52, 0.60, 0.68,601

and 0.74 s.602

A remarkable agreement is observed in both the velocity magnitudes and the spatial distribution603

of the velocity field throughout the process. Up to t = 0.52 s, both models accurately capture the604

acceleration of the fluid tongue and its initial contact with the obstacle. From t = 0.60 s onwards,605
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(a) t = 0.32 s (b) t = 0.38 s

(c) t = 0.52 s (d) t = 0.60 s

Figure 12: 3D dam-break with obstacle: general evolution of the water at different times. The contour
map shows the fluid height.

the simulation successfully predicts the formation of a reflected wave; a backward-propagating bore606

generated by the stagnation of the flow against the front face of the block. This complex phenomenon,607

which involves a sudden conversion of kinetic energy into potential energy, is captured by the mixed608

MPM formulation with high fidelity, showing a wave profile and a velocity structure that closely match609

the reference solution.610

Finally, Figure 14 provides a quantitative comparison of the hydrodynamic forces acting on the611

front face of the obstacle. Our stabilized mixed MPM results are plotted against experimental mea-612

surements, the average of multiple laboratory trials, and various numerical predictions (SPH, Shallow613

Water, and Finite Volume) reported in [60].614

The formulation accurately captures the precise instant of impact and the initial force surge,615

showing a magnitude that is remarkably consistent with the experimental data. While the overall616

force evolution follows the physical trend, a second force peak is observed in the numerical results,617

which appears slightly higher than the experimental average. This discrepancy can be attributed to618

several factors: the relatively coarse spatial discretization, which may not fully resolve the energy619

dissipation during the wave’s return, and the simplified slip boundary conditions on the obstacle’s620

surface. Nevertheless, the mixed up formulation provides a coherent and reliable estimation of the621

loading, outperforming simpler models like the Shallow Water approach and remaining competitive622

with more computationally intensive SPH and Finite Volume simulations. The ability to recover the623

force through the integral of nodal reactions, without the pressure noise typical of the irreducible624

MPM, confirms the robustness of the proposed framework for 3D engineering applications.625

7 Conclusions626

In this work, a stabilized mixed up formulation has been developed and integrated within the Ma-627

terial Point Method (MPM) framework to simulate incompressible Newtonian flows. By adopting628

a solid mechanics perspective and representing the fluid through a rate-dependent constitutive law,629

the proposed approach addresses the inherent limitations of the classical irreducible MPM. Specifi-630

cally, the introduction of Variational Multiscale (VMS) stabilization techniques effectively mitigates631
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Figure 13: 3D dam-break with obstacle: comparison of the velocity distribution field between Fluent
3D and stabilized MPM.
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Figure 14: Dam Break 3D with obstacle: Forces impact evolution. Comparison between the result
obtained by our study (Numerical 3D MPM stabilized) and the reported by Aureli et al. [60]
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the spurious pressure oscillations and volumetric locking typically encountered in displacement-based632

formulations near the incompressible limit.633

The robustness and accuracy of the formulation were rigorously assessed through a series of in-634

creasingly complex benchmarks. First, the Rotating Square test demonstrated the method’s ability635

to maintain a stable and physically consistent pressure field under pure rotation and suction, even636

in the strictly incompressible regime (κ = 1012 Pa), where the irreducible formulation fails. Second,637

the 2D Dam Break validated the solver against experimental measurements, proving that while both638

formulations can track the global flow kinematics, only the stabilized mixed approach provides the639

pressure stability required for reliable point-wise sensor comparison. Finally, the 3D Dam Break with640

an obstacle showcased the formulation’s performance in a large-scale, impact-dominated engineering641

scenario. The results confirmed that the method accurately predicts hydrodynamic loading and com-642

plex 3D free-surface topological changes, remaining competitive with established Finite Volume and643

SPH solvers.644

Overall, the results demonstrate that the VMS-stabilized mixed MPM is a robust, accurate, and645

flexible tool for fluid dynamics in a Lagrangian framework. The formulation successfully enforces646

the divergence-free constraint using equal-order interpolations for both displacement and pressure,647

providing a clear advantage for industrial applications where precise force evaluation is paramount.648

While the present study has focused on single-phase Newtonian fluids using the standard FLIP649

mapping, several avenues for future research remain open. The integration of more advanced particle-650

to-grid transfer schemes, such as Taylor least-squares or APIC/TPIC, could further improve energy651

conservation and reduce grid-crossing noise. A further natural extension is the incorporation of a652

velocity–pressure (vp) formulation derived directly from the Navier–Stokes equations into the same653

MPM framework. This would enable a systematic comparison between displacement–pressure and654

velocity–pressure descriptions and help identify their relative advantages in terms of stability, accuracy,655

computational efficiency, and compatibility with different time-integration schemes. Furthermore, the656

monolithic nature of the proposed framework provides a solid foundation for the seamless coupling657

of fluid, granular, and solid materials, paving the way for fully integrated multiphysics simulations of658

complex fluid–structure interaction problems.659

Code availability660

For this work, the open-source multiphysics software KRATOS [52, 53, 54] has been used, which is661

written in C++ and offers a Python interface. The current version can be obtained from [55].662
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[56] S. Oger, G.and Marrone, D. Le Touzé, and M. De Leffe. SPH accuracy improvement through815

the combination of a quasi-lagrangian shifting transport velocity and consistent ale formalisms.816

Journal of Computational Physics, 313:76–98, 2016.817

[57] D. S. Morikawa, K. Tsuji, and M. Asai. Corrected ALE-ISPH with novel neumann boundary818

condition and density-based particle shifting technique. Journal of Computational Physics: X,819

17:100125, 2023.820

[58] A. Colagrossi. A meshless lagrangian method for free-surface and interface flows with fragmen-821

tation. These, Universita di Roma, 2005.822
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